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Abstract
In this paper, we give a characterization of the ranges of the wave operators for
Schro¨dinger equations with time-dependent “short-range” potentials by using wave
packet transform, which is different from the one in Kitada–Yajima [9]. We also
give an alternative proof of the existence of the wave operators for time-dependent
potentials, which has been firstly proved by D. R. Yafaev [14].
1 Introduction
In this paper, we consider the following Schro¨dinger equation with time-dependent short-
range potentials:
i
∂
∂t
u = H(t)u, H(t) = H0 + V (t), H0 = −1
2
n∑
j=1
∂2
∂x2j
= −1
2
∆(1)
in the Hilbert space H = L2(Rn), where V (t) is the multiplication operator of a function
V (t, x) and the domain D(H0) = H
2(Rn) is the Sobolev space of order two. We give a
characterization of the ranges of the wave operators for Schro¨dinger equation with time-
dependent potentials which are short-range in space by using wave packet transform, which
is different from the characterization in Kitada–Yajima [9]. We also give an alternative
proof of the existence of the wave operators, which has been firstly proved by D. R. Yafaev
[14].
The wave packet transform is defined by A. Co´rdoba and C. Fefferman [3]. The second
author, M. Kobayashi and S. Ito have introduced the physically natural representation of
solutions to Schro¨dinger equations via wave packet transform with time dependent wave
packet ([6], [7]), by which we characterize the ranges of the wave operators. If the potential
V (t, x) does not depend on time, our characterization space coincides with the continuous
spectral subspace.
In order to prove the existence of the wave operators, we use Cook–Kuroda’s method
([2], [10]) with the representation via the wave packet transform.
The wave operators for Schro¨dinger equations have been studied from 1950s. For
time-independent short-range potentials, J. Cook [2] and S. T. Kuroda [10] have shown
that the wave operators exist and that their ranges are the absolutely continuous spectral
1
subspace. E. Mourre [12] has proved the absence of singular continuous spectrum. V. Enss
[4] has given an alternative proof of the existence and the completeness (coincidence of the
range and the continuous spectral subspace) of the wave operators, which is called time-
dependent scattering theory. For time-dependent short-range potentials, D. R. Yafaev
[14] has shown the existence of the wave operators. H. Kitada–K. Yajima [9] has proved
the existence of the wave operators and the modified wave operators for time-dependent
short-range potentials and for time-dependent long-range potentials, respectively, and has
characterized their ranges.
We assume that V (t, x) satisfies the following conditions, which is called short-range.
Assumption (A). (i) V (t, x) is a real-valued Lebesgue measurable function of (t, x) ∈
R× Rn.
(ii) There exist real constants δ > 1 and C > 0 such that
|V (t, x)| ≤ C(1 + |x|)−δ
for (t, x) ∈ R× Rn.
Assumption (B). There exists a family of unitary operators (U(t, τ))(t,τ)∈R2 in H satis-
fying the following conditions.
(i) For f ∈ H, U(t, τ)f is strongly continuous function with respect to t and satisfies
U(t, τ ′)U(τ ′, τ) = U(t, τ), U(t, t) = I for all t, τ ′, τ ∈ R,
where I is the identity operator on H.
(ii) For f ∈ H2(Rn), U(t, τ)f is strongly continuously differentiable in H with respect to
t and satisfies
∂
∂t
U(t, τ)f = −iH(t)U(t, τ)f for all t, τ ∈ R.
Remark 1. If Assumption (A) is satisfied and V (t)f is strongly differentiable in H for
f ∈ H2(Rn), Assumption (B) is satisfied (c.f. T. Kato [8]).
Let S be the Schwartz space of all rapidly decreasing functions on Rn and S ′ be the
space of tempered distributions on Rn. For positive constants a and R, we put Γa,R =
{(x, ξ) ∈ Rn ×Rn
∣∣∣ |ξ| ≤ a or |x| ≥ R} and Sscat = {Φ ∈ S∣∣∣ ‖Φ‖H = 1 and Φˆ(0) 6= 0} .
Definition 1 (Wave packet transform). Let ϕ ∈ S \ {0} and f ∈ S ′. We define the
wave packet transform Wϕf(x, ξ) of f with the wave packet generated by a function ϕ as
follows:
Wϕf(x, ξ) =
∫
Rn
ϕ(y − x)f(y)e−iyξdy for (x, ξ) ∈ Rn × Rn.
Its inverse is the operator W−1ϕ which is defined by
W−1ϕ F (x) =
1
(2pi)n‖ϕ‖2H
∫ ∫
R2n
ϕ(x− y)F (y, ξ)eixξdydξ
for x ∈ Rn and a function F (x, ξ) on Rn × Rn.
2
Definition 2. Let Φ ∈ Sscat and we put Φ(t) = e−itH0Φ. We define D˜±,Φscat(τ) by the set
of all functions in H such that
lim
t→±∞
∥∥χΓa,RWΦ(t−τ)[U(t, τ)f ](x+ (t− τ)ξ, ξ)∥∥L2(Rnx×Rnξ ) = 0
for some positive constants a and R. For τ ∈ R, D±,Φscat(τ) is defined by the closure of
D˜±,Φscat(τ) in the topology of H.
The main state of this paper is the following.
Theorem 1. Suppose that (A) and (B) be satisfied. Then the wave operators
W±(τ) = s- lim
t→±∞
U(τ, t)e−i(t−τ)H0
exist for any τ ∈ R and their ranges R(W±(τ)) coincide with D±,Φscat(τ) for any Φ ∈ Sscat.
In particular, D±,Φscat(τ) is independent of Φ.
We use the following notations throughout the paper. i =
√−1, n ∈ N. For a
subset Ω in Rn or in R2n, the inner product and the norm on L2(Ω) are defined by
(f, g)L2(Ω) =
∫
Ω f g¯dx and ‖f‖L2(Ω) = (f, f)
1/2
L2(Ω)
for f, g ∈ L2(Ω), respectively. We
write ∂xj = ∂/∂xj , ∂t = ∂/∂t, L
2
x,ξ = L
2(Rnx × Rnξ ), (·, ·) = (·, ·)L2x,ξ , ‖ · ‖ = ‖ · ‖L2x,ξ ,
〈t〉 = 1 + |t|, ‖f‖Σ(l) =
∑
|α+β|=l ‖xβ∂αx f‖H and Wϕu(t, x, ξ) = Wϕ[u(t)](x, ξ). F and
F−1 are the Fourier transform and the inverse Fourier transform defined by Ff(ξ) =
fˆ(ξ) =
∫
Rn
e−ix·ξf(x)dx and F−1f(ξ) = (2pi)−n ∫
Rn
eix·ξf(ξ)dξ, respectively. We often
write {ξ = 0} as {(x, ξ) ∈ R2n| ξ = 0}. For sets A and B, A \ B denotes the set
{a ∈ A| a /∈ B}. χA(x) the characterization function of a measurable set A, which is
defined by χA(x) = 1 on A and χA(x) = 0 otherwise. F (· · · ) denotes the multiplication
operator of a function χ{x∈Rn|··· }(x). For an operator T on H, D(T ) and R(T ) denote the
domain and the range of T , respectively. Hp(T ) and Hp(T )⊥ denote pure point subspace
of a self-adjoint operator T on H and its orthogonal complement space, respectively.
In the preceding studies ([4], [14], [9]), the proofs of the existence of the wave operators
are relied on Cook – Kuroda’s method. In our proof, we use the duality argument and the
representation
Wϕ0 [e
itH0U(t, 0)ψ](x, ξ)(2)
=Wϕ0ψ(x, ξ) − i
∫ t
0
ei
1
2
s|ξ|2Wϕ(s)[V (s)U(s, 0)ψ](x + sξ, ξ)ds,
which is developed by the second author, M. Kobayashi and S. Ito ([6], [7]). Thus our
proof can be regarded as a variation of Cook–Kuroda’s method by using the wave packet
transform.
V. Enss [4] and H. Kitada–K. Yajima [9] use the phase space decomposition operators
P±,R and P0,R as follows: P±,Rf(x) =
∫ ∫ ∫
|z|≥R e
i(x−y)ξga±(z, ξ)η(y − z)f(y)dzdydξ and
P0,Rf(x) =
∫ ∫ ∫
|z|<R e
i(x−y)ξη(y−z)f(y)dzdydξ. Here ga+(z, ξ) (ga−(z, ξ)) is smooth cut-off
function whose support is contained in the set that |ξ| ≤ a and z · ξ < 0(> 0) and η is a
smooth function such that
∫
ηdx = 1 and supp ηˆ is included in a small ball in Rn. Since
3
P−,R U(t, 0)f , P0,R U(t, 0)f → 0 as t→ +∞ and P+,R U(t, 0)f ∼ P+,R e−itH0f as R→∞,
we have U(t, 0)f ∼ P+,R e−itH0f as R, t → ∞. By using this formula, V. Enss [4] has
proved that the ranges of the wave operators are the continuous spectral subspace of time-
independent Hamiltonian H = H0+V and H. Kitada–K. Yajima [9] has characterized the
ranges of the wave operators for time-independent potential.
On the contrary, our proof is simple. We decompose the phase space Rnx × Rnξ into
only two parts Γa,R and Γ
c
a,R, and estimate the wave packet transform of the solution in
each part.
In the case that V does not depend on t, the following well-known theorem holds for
H = H0 + V . We give an alternative proof of the theorem by using our characterization.
Theorem 2 (J. Cook [2], S. T. Kuroda [10], E. Mourre [12] and V. Enss [4]). Suppose
that (A) be satisfied and that V do not depend on t. Then the wave operators W± =
s- limt→±∞ e
i(t−τ)He−i(t−τ)H0 exist, are independent of τ and are strongly complete:
R(W±) = H⊥p (H).(3)
Remark 2. We can give ”Kitada–Yajima” type characterization spaces via the wave
packet transform. Let Φ ∈ Sscat and Ka,N = {(x, ξ) ∈ Rn × Rn
∣∣∣| ξ| ≤ a or |x| ≤ N}. We
define Y±scat(τ) by the closure of the set of all functions in H such that
lim
N→±∞
∥∥χKa,NWΦ[U(t±N , τ)f ]∥∥ = 0(4)
for some positive constant a and some sequences (t±N ) tending to ±∞ as N →∞.
We have R(W±(τ)) = Y±scat, which is remarked in Section 5.
Remark 3. Consider the case that n ≥ 2. Let a be a non-negative constant, σ ∈ (0, 1]
and Φ ∈ Sscat. We put
Γ˜±a,σ =
{
(x, ξ) ∈ Rn ×Rn
∣∣∣ |ξ| ≤ a or ∓ cos θ(x, ξ) ≥ σ} ,
where cos θ(x, ξ) = (x · ξ)/|x||ξ| and double-sign corresponds. Let A±scat(τ) be the closure
of the set of all functions in H satisfying that
lim
t→±∞
‖χΓ˜±a,σWΦ(t)[U(t, τ)f ](x + (t− τ)ξ, ξ)‖ = 0
for some positive constants a and σ ∈ (0, 1). Then we get
A±scat(τ) = R(W±(τ)) = D±scat(τ),
since W−1Φ (C
∞
0 (R
2n \ Γ˜+0,1)) and W−1Φ (C∞0 (R2n \ Γ˜−0,1)) are dense in H.
The plan of this paper is as follows. In section 2, we recall the properties of the wave
packet transform. In section 3, we give a proof of the existence of the wave operators
(the former part of Theorem 1). In section 4, we give a proof of the characterization of
the ranges of the wave operators (the latter part of Theorem 1). In section 5, we prove
Theorem 2 by using our characterization.
4
2 Wave packet transform
In this section, we briefly recall the properties of the wave packet transform and give the
representation of solutions to (1) via wave packet transform, which is introduced in [6],
[7].
Proposition 1. Let ϕ ∈ S \ {0} and f ∈ S ′. Then the wave packet transform Wϕf(x, ξ)
has the following properties:
(i) Wϕf(x, ξ) ∈ C∞(Rnx × Rnξ ).
(ii) If f and ϕ depend on t and satisfy that f ∈ C1(R;S ′) and ϕ ∈ C1(R;S), we have
Wϕ(t)[∂xf ](t, x, ξ) = −iξWϕ(t)f(t, x, ξ) +W∂xϕ(t)f(t, x, ξ) in S ′
and
Wϕ(t)[∂tf ](t, x, ξ) = ∂tWϕ(t)f(t, x, ξ)−W∂tϕ(t)f(t, x, ξ) in S ′.
(iii) If f, g ∈ H and ψ ∈ S \ {0}, we have
(Wϕf,Wψg) = (ϕ,ψ)H(f, g)H = (ψ,ϕ)H(f, g)H.(5)
(iv) The inversion formula W−1ϕ [Wϕf ] = f holds for f ∈ S ′
We can easily show Proposition 1.
Let ϕ0 ∈ S \ {0} and ψ ∈ H. We consider the following initial value problem of (1):{
i∂tu+
1
2∆u− V (t, x)u = 0, (t, x) ∈ R× Rn,
u(t0) = ψ, x ∈ Rn.
(6)
Let ϕ(t, x) = e−itH0ϕ0(x). We have from Proposition 1
Wϕ(t)[∆u](t, x, ξ) =W∆ϕ(t)u(t, x, ξ) + 2iξ · ∇xWϕ(t)u(t, x, ξ)− |ξ|2Wϕ(t)u(t, x, ξ).
(6) is transformed to{(
i∂t + iξ · ∇x − 12 |ξ|2
)
Wϕ(t)u(t, x, ξ) =Wϕ(t) [V (t)u(t)] (x, ξ),
Wϕ(t0)u(t0, x, ξ) =Wϕ0ψ(x, ξ),
since Wϕ(t)[i∂tu](t, x, ξ) = i∂tWϕ(t)u(t, x, ξ)+Wi∂tϕ(t)u(t, x, ξ). We have by the method of
characteristic curve that
Wϕ(t)[U(t, t0)ψ](x, ξ) =e
−i 1
2
(t−t0)|ξ|2Wϕ0ψ(x− (t− t0)ξ, ξ)(7)
− i
∫ t
t0
e−i
1
2
(t−s)|ξ|2Wϕ(s) [V (s)U(s, t0)ψ] (x− (t− s)ξ, ξ)ds.
In particular, we have for the case that V ≡ 0
Wϕ(t)[e
−itH0ψ](x, ξ) = e−i
1
2
t|ξ|2Wϕ0ψ(x− tξ, ξ).(8)
Combining (7) and (8), we have (2) and
Wϕ(t)[U(t, t
′)e−it
′H0ψ](x+ tξ, ξ)(9)
=Wϕ0ψ(x, ξ) + i
∫ t′
t
e−i
1
2
(t−s)|ξ|2Wϕ(s)
[
V (s)U(s, t′)e−it
′H0ψ
]
(x+ sξ, ξ)ds.
5
3 Existence of the wave operators
In this section, we prove the existence of the wave operators by using the wave packet
transform which is defined in the previous section.
The following well-known lemma is used in the proof of Lemma 3.
Lemma 2. Let f ∈ S. Suppose that supp fˆ ⊂ K with some compact set K which does
not contain the origin. For any open set K ′ ⊃ K and any non-negative integer l, there
exists a positive constant C such that
|e−itH0f(x)| ≤ C〈x〉−l‖f‖Σ(l)
for any (t, x) ∈ R× Rn with x/t /∈ K ′ and t 6= 0.
Proof. See [11] or [5].
Using the above lemma, we obtain the following lemma.
Lemma 3. Suppose that (A) be satisfied. Let a and R be positive constants. Then for
any L ∈ (0, a/6] and ϕ0 ∈ S \ {0} with supp ϕˆ0 ⊂ {ξ ∈ Rn|L/2 < |ξ| < L}, there exists a
positive constant C satisfying∥∥Wϕ(s) [V (s)ψ] (x+ sξ, ξ)∥∥L2(R2n\Γa,R) ≤ C〈s〉−δ‖ψ‖H(10)
for any s ≥ 0 and any ψ ∈ H.
Proof. Let ρ = a/6 and let l be an integer satisfying l ≥ δ + (n+ 1)/2. We put Vρ(t, x) =
χ0(
1
ρ〈t〉x)V (t, x), where χ0 ∈ C∞(Rn) satisfies χ0(x) = 1 for |x| ≥ 1 and χ0(x) = 0 for
|x| ≤ 1/2. Thus there exists a positive constant C such that |Vρ(t, x)| ≤ C〈t〉−δ for any
t ∈ R and any x ∈ Rn.
If (x, ξ) ∈ R2n \ Γa,R, s ≥ max{3R/a, 3} and y ∈ Rn satisfying |y − (x + sξ)| ≤ as/3,
then we have
|y| ≥ |x+ sξ| − |y − (x+ sξ)| ≥ (as −R)− as
3
≥ ρ〈s〉.(11)
In this proof, we write {· · · } as {y ∈ Rn| · · · }. Since Vρ(s, y) = V (s, y) for |y| ≥ ρ〈s〉,
we have by Plancherel’s theorem and (11)∥∥∥∥∥
∫
{|y−(x+sξ)|≤as/3}
e−isH0ϕ0(y − (x+ sξ))V (s, y)ψ(y)e−iξydy
∥∥∥∥∥
L2(R2n\Γa,R)
≤
∥∥∥∥∥
∫
{|y−x|≤as/3}
e−isH0ϕ0(y − x)Vρ(s, y)ψ(y)e−iξydy
∥∥∥∥∥
≤
∥∥∥e−isH0ϕ0(y − x)Vρ(s, y)ψ(y)∥∥∥
L2(Rnx×R
n
y )
≤C〈s〉−δ‖ψ‖H.
6
On the other hand, Lemma 2 shows that∥∥∥∥∥
∫
{|y−(x+sξ)|> as
3
}
e−isH0ϕ0(y − (x+ sξ))V (s, y)ψ(y)e−iξydy
∥∥∥∥∥
=
∥∥∥(χ{|y−x|> as
3
}e−isH0ϕ0(y − x)
)
V (s, y)ψ(y)
∥∥∥
L2(Rnx×R
n
y )
≤C〈s〉−l+(n+1)/2‖ϕ0‖Σ(l)
∥∥∥〈y − x〉−(n+1)/2V (s, y)ψ(y)∥∥∥
L2(Rnx×R
n
y )
=C〈s〉−l+(n+1)/2‖ϕ0‖Σ(l)
∥∥∥〈x〉−(n+1)/2∥∥∥
H
‖ψ‖H
≤C〈s〉−δ‖ψ‖H,
since supp ϕˆ0 ⊂ {ξ ∈ Rn| 0 < |ξ| < a/6}.
Hence (10) is obtained.
We shall use the following lemma in Section 5. Let Γb,±a = {(x, ξ) ∈ R2n| |ξ| ≥ a, |x| ≥
b and ± x · ξ ≥ 0}.
Lemma 4. Suppose that (A) be satisfied. Let a and b be positive constants. Then for
any L ∈ (0, a/6] and ϕ0 ∈ S \ {0} with supp ϕˆ0 ⊂ {ξ ∈ Rn|L/2 < |ξ| < L}, there exists a
positive constant C independent of b satisfying∥∥Wϕ(s) [V (s)ψ] (x± sξ, ξ)∥∥L2(Γb,±a ) ≤ C〈s+ b〉−δ‖ψ‖H
for any s ≥ 0 and any ψ ∈ H.
Proof. The proof is obtained by the same argument as in the proof of Lemma 3 and the
estimate that
|y| ≥ |x± sξ| − |y − (x± sξ)|
≥
√
|x|2 ± 2x · ξ + |ξ|2 − 1
3
a(s+ b)
≥ 1√
2
a(s+ b)− 1
3
a(s+ b) ≥ 1
6
a〈s+ b〉,
if (x, ξ) ∈ Γb,±a , s ≥ (
√
2 + 1)/3 and y ∈ Rn satisfying |y − (x± sξ)| ≤ a(s+ b)/3.
Now we give an alternative proof of the existence of the wave operators W±(τ) by
using wave packet transform.
Proposition 5 (D. R. Yafaev [14]). Suppose that (A) and (B) be satisfied. Then the
wave operators W±(τ) exist for any τ ∈ R.
Proof. Substituting V (t − τ, x) for V (t, x), it suffices to show the case τ = 0. We prove
the existence in the case t→ +∞ only. Let Φ ∈ Sscat and u0 ∈ H.
First, we show the existence of W+(0)u0 for WΦu0 ∈ C∞0 (R2n \ {ξ = 0}). Let a and R
be positive constants satisfying
suppWΦu0 ⊂ R2n \ Γa,R(12)
7
and ϕ0 ∈ S \ {0} satisfying
supp ϕˆ0 ⊂
{
ξ ∈ Rn
∣∣∣ L
2
< |ξ| < L
}
with 0 < L ≤ a
6
and |(Φ, ϕ0)H| > 0.(13)
By (2) and (5), we have for t ≥ 0
(U(0, t)e−itH0u0, ψ)H
=
(
u0, e
itH0U(t, 0)ψ
)
H
=
1
(ϕ0,Φ)H
(
WΦu0,Wϕ0 [e
itH0U(t, 0)ψ]
)
(14)
=
1
(ϕ0,Φ)H
(
WΦu0,Wϕ0ψ − i
∫ t
0
Wϕ(s) [V (s)U(s, 0)ψ] (x+ sξ, ξ)ds
)
.
Lemma 3 and (12) show that for t′ ≥ t > 0∣∣∣∣∣
(
WΦu0,−i
∫ t′
t
Wϕ(s) [V (s)U(s, 0)ψ] (x+ sξ, ξ)ds
)∣∣∣∣∣
≤ ‖WΦu0‖
∫ t′
t
‖Wϕ(s) [V (s)U(s, 0)ψ] (x+ sξ, ξ)‖L2(R2n\Γa,R)ds
≤ ‖u0‖H
∫ t′
t
C〈s〉−δ‖U(s, 0)ψ‖Hds
≤ C〈t〉1−δ‖u0‖H‖ψ‖H.
The above inequality and (14) imply the existence ofW+(0)u0 for u0 ∈W−1Φ (C∞0 (R2n\{ξ =
0})).
For u0 ∈ H, the existence of W+(0)u0 follows from the fact that W−1Φ (C∞0 (R2n \ {ξ =
0})) is dense in H. Indeed, let ε be a fixed positive number. Since C∞0 (R2n \ {ξ = 0})
is dense in L2(R2n), there exists ω ∈ C∞0 (R2n \ {ξ = 0}) satisfying ‖WΦu0 − ω‖ ≤ ε.
Putting u˜0 =W
−1
Φ ω, we have ‖U(0, t′)e−it
′H0u0−U(0, t)e−itH0u0‖H ≤ ‖U(0, t′)e−it′H0u˜0−
U(0, t)e−itH0 u˜0‖H + 2ε for any t′ ≥ t > 0. (U(0, t)e−itH0 u˜0) is a Cauchy sequence with
respect to t as t→∞ in H, so is (U(0, t)e−itH0u0).
4 Characterization of the range of the wave operators
In this section, we characterize the ranges of the wave operators by the wave packet
transform.
Proposition 6. Suppose that (A) and (B) be satisfied. Then we have
R(W±(τ)) = D±,Φscat(τ)
for any Φ ∈ Sscat.
Proof. It suffices to prove that R(W+(0)) = D+,Φscat(0), since the proposition can be proved
in the same way in the other cases.
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Let Φ ∈ Sscat and ε be a fixed positive number. Until the end of the proof, we
abbreviate W+ =W+(0), D
+
scat = D
+,Φ
scat(0) and D˜
+
scat = D˜
+,Φ
scat(0).
We first prove thatR(W+) ⊂ D+scat. Let f ∈ R(W+) and we fix g ∈W−1Φ (C∞0 (R2n\{ξ =
0})) satisfying
‖f −W+g‖H ≤ ε.(15)
Then there exist positive constants a and R such that χΓa,R(x, ξ)WΦg(x, ξ) = 0 for all
(x, ξ) ∈ R2n. By (8) and the definition of W+, we obtain
lim sup
t→∞
‖χΓa,RWΦ(t)[U(t, 0)W+g](x+ tξ, ξ)‖
≤ lim
t→∞
(‖χΓa,RWΦ(t)[e−itH0g](x+ tξ, ξ)‖+ ‖WΦ(t)[U(t, 0)W+g − e−itH0g]‖)
= ‖χΓa,RWΦg‖ + limt→∞ ‖U(t, 0)W+g − e
−itH0g‖
= 0.
Hence we have W+g ∈ D˜+scat, which and (15) show R(W+) ⊂ D+scat.
Next we prove R(W+) ⊃ D+scat. If the inverse wave operator
W−1+ u0 = s- limt→+∞
eitH0U(t, 0)u0(16)
exists for any u0 ∈ D+scat, we obtain R(W+) ⊃ D+scat. It suffices to prove that (16) exists
for u0 ∈ D˜+scat, since D±scat is the closure of D˜±scat.
Let u0 ∈ D˜+scat and let a and R be positive constants satisfying
lim
t→∞
‖χΓa,RWΦ(t)[U(t, 0)u0](x+ tξ, ξ)‖ = 0.(17)
Until the end of the proof, we abbreviate Γ = Γa,R and Γ
c = R2n \ Γ. Take ϕ0 ∈ S \ {0}
satisfying (13). By (5), we have for t′ ≥ t > 0(
eitH0U(t, 0)u0, ψ
)
H
=
(
U(t, 0)u0, e
−itH0ψ
)
H
=
1
(ϕ(t),Φ(t))H
(
WΦ(t)[U(t, 0)u0],Wϕ(t)[e
−itH0ψ]
)
=
1
(ϕ0,Φ)H
(
χΓ(x− tξ, ξ)WΦ(t)[U(t, 0)u0],Wϕ(t)[e−itH0ψ]
)
+
1
(ϕ0,Φ)H
(
χΓc(x− tξ, ξ)WΦ(t)[U(t, 0)u0],Wϕ(t)[e−itH0ψ]
)
and
(eit
′H0U(t′, 0)u0, ψ)H
=
(
U(t, 0)u0, U(t, t
′)e−it
′H0ψ
)
H
=
1
(ϕ0,Φ)H
(
(χΓ + χΓc)(x− tξ, ξ)WΦ(t)[U(t, 0)u0],Wϕ(t)[U(t, t′)e−it
′H0ψ]
)
.
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Taking the difference between the above equalities, we have
(ϕ0,Φ)H
(
eitH0U(t, 0)u0 − eit′H0U(t′, 0)u0, ψ
)
H
=
(
χΓ(x− tξ, ξ)WΦ(t)[U(t, 0)u0],Wϕ(t)[e−itH0ψ − U(t, t′)e−it
′H0ψ]
)
(18)
+
(
WΦ(t)[U(t, 0)u0], χΓc(x− tξ, ξ)
(
Wϕ(t)[e
−itH0ψ − U(t, t′)e−it′H0ψ]
))
.
Using (17), we obtain
sup
‖ψ‖H=1
|(the first term of the right hand side in (18))|
≤ sup
‖ψ‖H=1
‖χΓ(x− tξ, ξ)WΦ(t)[U(t, 0)u0]‖‖Wϕ(t)[e−itH0ψ − U(t, t′)e−it
′H0ψ]‖
≤ 2‖ϕ0‖H‖χΓWΦ(t)[U(t, 0)u0](x+ tξ, ξ)‖.(19)
We have by (8) and (9)
Wϕ(t)[e
−itH0ψ − U(t, t′)e−it′H0ψ](x, ξ)
= −i
∫ t′
t
e−i
1
2
(t−s)|ξ|2Wϕ(s)
[
V (s)U(s, t′)e−it
′H0ψ
]
(x− (t− s)ξ, ξ)ds,
which shows by Lemma 3
|(the second term of the right hand side in (18))|
=
∣∣∣∣∣
(
WΦ(t)[U(t, 0)u0](x+ tξ, ξ), χΓc(x, ξ)
∫ t′
t
e−i
1
2
(t−s)|ξ|2
×Wϕ(s)
[
V (s)U(s, t′)e−it
′H0ψ
]
(x+ sξ, ξ)ds
)∣∣∣∣∣
≤C‖u0‖H
∫ t′
t
∥∥∥Wϕ(s) [V (s)U(s, t′)e−it′H0ψ] (x+ sξ, ξ)∥∥∥
L2(Γc)
ds(20)
≤C‖u0‖H〈t〉−δ+1‖ψ‖H.
(16) follows from (19) and (20).
Theorem 1 is obtained by Proposition 5 and 6.
5 Proof of Theorem 2 by our characterization
In this section, we give an alternative proof of Theorem 2 by using our characterization.
Proof. We shall only prove for τ = 0 and for the case that t → +∞. We fix Φ ∈ Sscat.
We use the same notations D+scat = D
+,Φ
scat(0) and D˜
+
scat = D˜
+,Φ
scat(0) as in the proof of
Proposition 6.
Firstly, we prove Hp(H)⊥ ⊃ D+scat. For u0 ∈ D˜+scat, we have
lim
t→∞
‖χΓa,RWΦ(t)[e−itHu0](x+ tξ, ξ)‖ = 0(21)
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for some positive constants a and R. On the other hand, for ω ∈ Hp(H), we have ω =∑∞
n=1 anωn where an ∈ C with
∑∞
n=1 |an|2 <∞ and ωn is the normalized eigenfunction of
H corresponding to the eigenvalue λn. Then we see that e
−itHω =
∑∞
n=1 ane
−itλnωn for
any t ∈ R. Taking ϕ0 ∈ S satisfying (13), we get for t ≥ 0
(e−itHu0, e
−itλnωn)H
=
1
(ϕ0,Φ)H
(
χΓa,RWΦ(t)[e
−itHu0](x+ tξ, ξ), e
−itλnWϕ(t)ωn(x+ tξ, ξ)
)
(22)
+
1
(ϕ0,Φ)H
(
WΦ(t)[e
−itHu0](x+ tξ, ξ), χΓc
a,R
e−itλnWϕ(t)ωn(x+ tξ, ξ)
)
.
From (21), the first term of (22) is estimated by
lim
t→+∞
∣∣∣ (χΓa,RWΦ(t)[e−itHu0](x+ tξ, ξ), e−itλnWϕ(t)ωn(x+ tξ, ξ)) ∣∣∣
≤ C‖ωn‖H lim
t→+∞
‖χΓa,RWΦ(t)[e−itHu0](x+ tξ, ξ)‖ = 0.(23)
The second term of (22) is estimated by
lim
t→+∞
∣∣∣ (WΦ(t)[e−itHu0](x+ tξ, ξ), χΓca,Re−itλnWϕ(t)ωn(x+ tξ, ξ)
) ∣∣∣
≤ ‖u0‖H lim
t→+∞
‖χΓc
a,R
Wϕ(t)ωn(x+ tξ, ξ)‖(24)
≤ ‖u0‖H lim
t→+∞
∥∥∥∥χ{(x,ξ)∣∣|x+tξ|≥at/2}(x, ξ)
∫
Rn
ϕ(t, y − (x+ tξ))ωn(y)e−iyξdy
∥∥∥∥
≤ ‖u0‖H lim
t→+∞
(‖F (|x| > at/3)ϕ(t)‖H‖ωn‖H + ‖ϕ0‖H‖F (|x| > at/6)ωn‖H)
= 0.
(24) follows from Lemma 2. (23) and (24) implies (u0, ω)H = 0. Thus we obtainHp(H)⊥ ⊃
D+scat.
Secondly, we proveHp(H)⊥ ⊂ D+scat. We put H˜p(H)⊥ = {EH((a′, b′))f |f ∈ Hp(H)⊥ and 0 <
a′ < b′}, then H˜p(H)⊥ is dense in Hp(H)⊥, where EH(B) is a spectral measure of H for a
Borel set B. Thus it suffices to prove H˜p(H)⊥ ⊂ D˜+scat. Let f ∈ H˜p(H)⊥ and be a positive
constant d and φ ∈ C∞0 ([0,∞)) satisfying that φ(H)f = f and that φ ≡ 0 on [0, d2/2].
Since w-limt→∞ e
−itHf = 0 in H and (φ(H)−φ(H0)) is a compact operator on H, we have
lim
t→∞
∥∥(φ(H)− φ(H0)) e−itHf∥∥H = 0.(25)
Let Ξd = {(x, ξ) ∈ R2n| |ξ| ≤ d} and Ξrd = {(x, ξ) ∈ R2n| |ξ| > d and |x| ≤ r}. Then there
exists a sequence (tN ) tending to ∞ as N →∞ such that
lim
N→∞
‖χΞdWΦ[e−itNHf ]‖ = 0(26)
and
lim
N→∞
‖χΞr
d
WΦ[e
−itNHf ]‖ = 0(27)
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for any positive constant r. Indeed, since φ(|ξ|2/2)χΞd(y, ξ) ≡ 0 for any (y, ξ) ∈ R2n, we
obtain
φ(H0)W
−1
Φ [χΞdΨ] = F−1
[
φ
( |ξ|2
2
)
FW−1Φ χΞdΨ
]
= F−1
[
φ
( |ξ|2
2
)[∫
Φ(x− y)χΞd(y, ξ)Ψ(y, ξ)dy
]]
= 0.
Thus we have for t ≥ 0
(χΞdWΦ[e
−itHf ](x, ξ),Ψ)
=
(
φ(H)e−itHf,W−1Φ χΞdΨ
)
H
(28)
=
(
e−itHf, φ(H0)W
−1
Φ χΞdΨ
)
H
+
(
(φ(H)− φ(H0))e−itHf,W−1Φ χΞdΨ
)
H
=
(
(φ(H)− φ(H0))e−itHf,W−1Φ χΞdΨ
)
H
.
(25), (28) and the fact that ‖W−1Φ χΞdΨ‖H ≤ ‖Ψ‖ yield (26). Take Φ′ ∈ C∞0 (Rn) with
|(Φ,Φ′)H| > 0. For any positive constant r, there exists a positive constant r′ satisfying
χΞr
d
WΦ′ [e
−itHf ](x, ξ) = χΞr
d
WΦ′ [F (|x| < r′)e−itHf ](x, ξ) for any t ≥ 0. By the RAGE
theorem ([1], [13]), there exists a sequence (tN ) tending to ∞ as N → ∞ such that
limN→∞ ‖F (|x| < r′)e−itNHf‖H = 0. Hence we get (27).
For any positive number ε, we take a positive constant r sufficiently large so that
C‖f‖H〈r〉1−δ ≤ ε/4. Since (χΞd+χΞrd+χΓr,−d +χΓr,−d )(x, ξ) = 1 for almost all (x, ξ) ∈ R
2n,
we have for t, t′ ≥ tN(
eit
′H0e−it
′Hf − eitH0e−itHf, ψ)
H
=
(
WΦ[e
−itNHf ],WΦ
[(
e−i(tN−t
′)He−it
′H0 − e−i(tN−t)He−itH0
)
ψ
])
=
((
χΞd + χΞrd + χΓr,−d
)
WΦ[e
−itNHf ],WΦ
[(
e−i(tN−t
′)He−it
′H0
− e−i(tN−t)He−itH0)ψ])
+
(
WΦ[e
−itNHf ], χΓr,+
d
(
I(t′ − tN ;x, ξ)− I(t− tN ;x, ξ)
))
,
where I(t;x, ξ) = −i ∫ t0 e i2 (s−t)|ξ|2WΦ(s)[V e−i(s−t)He−i(t+tN )H0ψ](x+ sξ, ξ)ds.
By the equality (7) with t = 0 and t0 = −tN , we have
χΓr,−
d
WΦ[e
−itNHf ](x, ξ)
= χΓr,−
d
WΦ[U(0,−tN )f ](x, ξ)(29)
= χΓr,−
d
WΦ(−tN )f(x− tNξ, ξ)
− i
∫ tN
0
e
i
2
(−s+tN )|ξ|
2
χΓr,−
d
WΦ(−s)[V e
i(s+tN )Hf ](x− sξ, ξ)ds.
Lemma 4 shows that
‖χΓr,+
d
I(t− tN ;x, ξ)‖ ≤ C ′‖ψ‖H
∫ t−tN
0
〈s+ r〉−δds ≤ C‖ψ‖H〈r〉1−δ(30)
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and ∫ tN
0
‖χ
Γr,−
d
WΦ(−s)[V e
i(s+tN )Hf ](x− sξ, ξ)‖ds ≤ C‖f‖H〈r〉1−δ,(31)
where C and C ′ is a positive constant and independent of r and N . Taking ϕ0 ∈ S
satisfying (13) with a = d, we have by Lemma 2
lim
N→∞
‖χΓr,−
d
WΦ(−tN )f(x− tNξ, ξ)‖
≤ lim
N→∞
1
|(ϕ0,Φ)H|‖χΓr,−d Wϕ(−tN )f(x− tNξ, ξ)‖(32)
≤ lim
N→∞
1
|(ϕ0,Φ)H| (‖F (|x| > dtN/3)ϕ(−tN )‖H‖f‖H + ‖ϕ0‖H‖F (|x| > dtN/6)f‖H)
= 0.
By (29), (31) and (32), we obtain
lim sup
N→∞
‖χΓr,−
d
WΦ[e
−itNHf ]‖ ≤ ε.(33)
Thus (26), (27), (30) and (33) imply that lim supt,t′→∞ ‖eit
′H0e−it
′Hf−eitH0e−itHf‖H ≤ ε.
Hence there exists Ω ∈ H such that
lim
t→∞
‖χΓa,RWΦ[eitH0e−itHf − Ω]‖ ≤ limt→∞ ‖e
itH0e−itHf − Ω‖H = 0.(34)
Since W−1Φ (C
∞
0 (R
2n \ {ξ = 0})) is dense in H, for any positive number ε′ there exist
Ω′ ∈W−1Φ (C∞0 (R2n \ {ξ = 0})) and positive constants a and R satisfying
‖Ω − Ω′‖H ≤ ε′ and χΓa,RWΦΩ′ ≡ 0.(35)
(34) and (35) yield Hp(H)⊥ ⊂ D+scat, which and the first part complete the proof.
Remark 4. Thus substituting (26) and (27) for (4), we have R(W±(τ)) = Y±scat(τ).
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